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Neutron Diffraction Study of the Debye—Waller Factor for Aluminum

By D.L. McDoONALD
Australian Atomic Energy Commission, Sutherland, New South Wales, Australia

(Received 4 November 1966)

Measurements of the relative intensities of Bragg reflexions from aluminum single crystals, at a series
of temperatures in the range 300 to 860°K, have confirmed earlier determinations by X-ray diffraction
methods of the temperature dependence of the Debye-Waller factor [exp (— B sin2 8/42)]. The change
with temperature is much greater than that expected from thermal expansion arguments; it is discussed
in terms of the harmonic and anharmonic approximations to the thermal vibration state of a real
crystal. The measured phonon dispersion relations for aluminum have been used to calculate B for
comparison with the observed values. Certain features of the calculation which are relevant to the

calculation of B for other materials are outlined.

1. Introduction

The theory of lattice dynamics based on the harmonic
approximation (Born & Huang, 1954) cannot account
for many thermal properties of real crystals (Cowley,
1963). Such features as thermal expansion, for example,
require that derivatives of the interaction potential
higher than the second be taken into account, and
several authors have suggested that an examination of
vibration phenomena at elevated temperatures may
provide useful information regarding these anharmonic
contributions. Two well-known and important thermal
parameters which could be used in this way are the
specific heat and the Debye-Waller factor. For the
specific heat, the relevant theory has been given by
Leibfried & Ludwig (1961) while for diffraction pheno-
mena it has been given by Kashiwase (1965) and by
Maradudin & Flinn (1963). Maradudin & Flinn give
the Debye-Waller factor, exp(— B sin26/A?), and the
equivalent, temperature dependent, Debye temperature
Ou(T), directly in terms of derivatives of the inter-
action potentials.

The harmonic theory predicts a value of @3 which
is constant with increasing temperature, and several
authors (Zener & Bilinsky, 1936; Paskin, 1957) have
attempted to explain the observed temperature de-
pendence of @y by including thermal expansion effects.
In a number of cases, however, this correction has been
insufficient to account fully for the observed behaviour
and a further correction, proposed by Marshall &
Stuart (1961), utilizes the fact that the temperature
variation of the elastic constants and of the O of a
crystal have their origin in the same anharmonic effects.
This correction was found to give good agreement with
the measured @ values for lead but not with those
of aluminum (Chipman, 1960).

In view of this discrepancy, it was decided to re-
examine the temperature dependence of the Debye-
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Waller factor of aluminum and to test the expansion
correction and the Marshall & Stuart modification of
it. At the same time, methods of measuring and cal-
culating B factors and of correcting for temperature
diffuse scattering have been investigated.

For aluminum, X-ray diffraction methods have been
used previously to measure the Debye-Waller factor
or Oy and to investigate the variation of @ with
temperature (James, Brindley & Wood, 1929; Owen &
Williams, 1947; Chipman, 1960; Flinn & McManus,
1963; Nicklow & Young, 1966). The most accurate
investigation at elevated temperatures has been that
of Chipman (1960). Usually, one of two possible meth-
ods has been employed in these investigations. In one
the integrated intensity of a particular reflexion is
measured at a series of temperatures and @y is cal-
culated from the ratio of the intensities at two different
temperatures. This scheme has the advantage of being
relatively insensitive to those sources of error which
vary from reflexion to reflexion such as extinction and
misalignment, but the method presupposes a knowledge
of the @, versus T relationship which is being meas-
ured.

In the other method a complete set of intensities at
a particular temperature can give B from the slope of
a ‘Wilson plot’, that is by plotting In(/, sin 20) versus
sin2g/A2. However, this method is sensitive to errors
such as extinction, misalignment, and (in the case of
powder measurements) preferred orientation, and for
X-ray diffraction measurements the method requires a
knowledge of the theoretical atomic scattering factor
curve. With neutrons, however, the scattering length
is independent of scattering angle and in the absence
of extinction and other errors an accurate measure-
ment of B should be possible from a direct analysis
of neutron diffraction intensities.

This paper reports the results of such an investiga-
tion of the variation with temperature of the Debye—
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Waller factor for aluminum by means of a neutron
diffraction study using single-crystal specimens in the
temperature range from 300 to 860°K. Aluminum is
well suited to an investigation of this kind since it has
a low capture cross-section for neutrons. This allows
neutron diffraction experiments with relatively large
samples and, hence, high diffracted intensities, without
serious absorption corrections. In addition, the Debye
temperature is reasonably low (~400°K) and large re-
ductions in diffraction intensities are obtained at mod-
erately high temperatures.

In §2, details of the experimental procedure are
presented together with the results of the measure-
ments, while the results of a calculation of B and @,
from an analysis of published phonon dispersion curves
for aluminum are given in § 3.

2. Experimental details and results

The neutron diffraction intensity measurements de-
scribed here were made with a single-crystal neutron
spectrometer at the A.A.E.C.’s Dido-type reactor
HIFAR. The neutron wavelength was 1-10 A and the
intensity of the monochromatic beam at the specimen
was 2 x 105 n.cm~2sec~1. Cylindrical specimens approx-
imately 2 mm in diameter by 2 mm long were tre-
panned from a large single crystal by means of a spark
cutter. The parent crystal was obtained from L.Light
and Co., England, with a stated purity of 99-995%;.
The cylindrical specimens were mounted in a small
vacuum furnace on a three-circle goniometer. Com-
plete sets of three-dimensional intensity data were col-
lected in the 6,260 scanning mode out to the 620 re-
flexion at a series of temperatures from 300 to 860°K.
The spectrometer was controlled by a monitor counter
in the incident monochromatic beam. After the accu-
mulation of a pre-set number of monitor counts the
total detector count was punched onto paper tape and
the counter moved 2 minutes to the next position. For
each reflexion, the number of counts was always ade-
quate for a statistical accuracy of at least 19, but for
various experimental reasons the reproducibility of
equivalent reflexions was at times only within 5%,.
Part of this error was thought to be due to a lack of
rigidity in the specimen mounting.

Initially, considerable difficulty was encountered in
fixing the specimens securely to the furnace (under
conditions of widely varying temperature and repeated
thermal cycling) without causing deformation of the
crystal and subsequent recrystallization at high tem-
peratures. The final arrangement is shown schematical-
ly in Fig. 1. The vacuum jacket was made from 0-005-in
vanadium foil. The scattering from vanadium is wholly
incoherent, which removes the necessity to correct for
Bragg reflexion from the container. The cylindrical
single-crystal specimen was pushed into the split, ac-
curately machined, 0-005-in-wall, polycrystalline alu-
minum tube as shown, and the base of this holder was
crimped and cemented to the pyrophyllite thermal
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stand-off piece which contained the heater element.
Since the specimen and holder have the same thermal
expansion coefficient, no difficulty was encountered
from either sample movement or deformation. Power
to the heater was provided by a stabilized D.C. source
and at equilibrium the specimen temperature was con-
stant to within 2°K. Power dissipation was of the order
of one to two watts per 100°C.

The chromel-alumel thermocouple was connected
to a recorder to indicate the specimen temperature.
However, the absolute temperature measurements were
made by measuring the position of the 004 reflexion
at each temperature by the Bond (1960) technique and
using published values of the thermal expansion of
aluminum (Hidnert & Krider, 1952) to establish the
specimen temperature within about 5°K.

In the analysis of the measured intensities some of
the low angle reflexions were obviously affected by
extinction and an attempt was made to estimate the
magnitude of the effect. Extinction was worse after the
sample had been annealed during high temperature
measurements, and the thermal history of the specimen
was taken into account in estimating the extinction
coefficients, at different temperatures, of the various
reflexions.

In metal crystals which have not received special
care during growth and handling, such as the alumi-
num crystals used in the present work, the dislocation
density is usually so large that effects due to primary
extinction can be safely ignored. Under these condi-
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Fig. 1. Schematic section of single-crystal goniometer furnace:
VJ vacuum jacket; S single-crystal specimen; SH poly-
crystalline aluminum specimen holder; HW heater winding;
PY pyrophyllite thermal stand-off; B stainless steel base;
TC thermocouple; CE high-temperature cement ; 4 ‘Araldite’
vacuum seal; VC vacuum connection; G goniometer arc.
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tions secondary extinction is, to a first approximation
(James, 1954), equivalent to an increase in the absorp-
tion coefficient at the reflecting angle, the increase
varying from reflexion to reflexion. The absorption and
secondary extinction correction factor to the measured
intensities, Jops, for the present equatorial neutron re-
flexions is (Hamilton, 1957):

Iovs/Ieare = Es,a=exp[—(u+0)D], 1)
where:
u=linear absorption coefficient (negligible for
aluminum)
oc=0QW(46)

Q=A3F2/V?sin 20
F=4b exp(— B sin20/2?) for f.c.c. element
b=scattering amplitude per nucleus
V.= unit-cell volume
W(40)=1/Q2nym)
n=mosaic spread parameter
and D=average path length of beam through crystal.

For each reflexion, D was calculated from the spe-
cimen shape and orientation following the procedure
described by Busing & Levy (1957), but extended to
three-dimensions, using an IBM 7040 computer*.

The mosaic spread parameter after appropriate an-
nealing treatments was measured by comparing the
aluminum half-peak widths measured on a Bond X-ray
spectrometer (Bond, 1960) with the width measured at
a similar 26 using a highly perfect silicon crystal. This
procedure was carried out with two crystals cut from
different parts of the parent crystal and » was found

* ] am indebted to Dr G. W. Cox for allowing me to modify
his absorption program to include extinction corrections.
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to vary from 30’ in the ‘as-cut’ condition to 5" after
annealing for several days at 860°K.

For the computation of @, initial values of B at the
various temperatures were obtained from the high angle
reflexions (004 to 620) by a least-squares method in
which B and the scale factor K were variable param-
eters in the relationship:

Iy sin 260 =K exp(—2B sin20/1?) ,

(Pryor & Sabine, 1964).

The values obtained for Es 4 confirmed the assump-
tion that the high angle data were not significantly
affected by extinction, all having Es ¢>0-95. In view
of this fact, and considering the possible uncertainties
arising from large corrections to the low angle data
(Es,q for the 111 reflexion being as low as 0-68) it was
decided to use only the 004 to 620 reflexions in deter-
mining B. Willis (1962) has shown that for values of
Es 4 less than about 0-75, the approximation of treating
secondary extinction as an absorption correction is of
questionable validity. The results of measurements at
three of the temperatures are shown on a Wilson plot
in Fig.2 where the uncorrected intensities are denoted
by open symbols.

In addition to the problem with extinction, it was
also found in the analysis that a constant scale factor
was not obtained. The variation was of the order of
5 to 10% but quite random. The reasons for this effect
are not known,

The values obtained from the above procedure, B’,
are plotted as a function of temperature in Fig.3
(curve 2). The measured intensities used to calculate
B in this manner include a contribution from the ther-
mal diffuse scattering (TDS) which peaks under the
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Fig.2. Wilson plot of aluminum neutron diffraction data taken

at three temperatures, The solid curves are the least-mean-squares

fit to the data with sin2 8/42 > 0-2 A-2, Open symbols: measured intensities. Closed symbols: corrected for secondary extinction.

T(°K)
—_—— 378
— A 657
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B (10-16 cm2) K
1-085+0:04 1-14 x 105
2:18+0-06 1-19x 105
3-281+0-04 1-08 x 105
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Bragg peaks (Nilsson, 1956; Chipman & Paskin, 1959),
and a correction to the intensities for this effect is
necessary. Since an exact calculation of the TDS con-
tribution to each of the Bragg peaks is difficult, a
correction due to Pryor has been used. Pryor (1966)
showed that a correction factor 4B to the measured B
for single crystals is given by

1672k T 260
T0AC? 9
where k is Boltzmann’s constant, T is the temperature,
240 is the counter aperture, ¢ the density, A the wave-
length and C, and C; are average transverse and lon-
gitudinal velocities. These average velocities can be
calculated from the elastic constants. In making this
correction, the elastic constants reported by Sutton
(1953) were used. Values of B corrected in this way
for TDS are also shown in Fig.3 (curve 1). The Debye
diffraction temperature, @, was obtained in an itera-
tive procedure from the Debye-Waller formula (Wal-
ler, 1923):

— e | s L@

where x=0pn/T. The values of @ corresponding to
the corrected B’s are shown in Fig.4. The solid curve
is the result of a least-squares fit to these ©,. The
solid curves through the B and B’ values in Fig.3 were
obtained from the ©,— T curves by means of (3).

4B= T Q+C2/C?), )

3. Calculation of B, ®,, and C,

To calculate theoretical values of B and the related
Debye temperature, @,,, an analysis was carried out,
in terms of a Born-von Karman general force constant
model, of the phonon dispersion curves for aluminum
measured at 80 and 300°K by Stedman & Nilsson

4 T T v

(1965). Recently, details of a very precise investigation
of these dispersion curves by Gilat & Nicklow (1966)
have been published, and only brief details of the pre-
sent calculations will be given, in order to illustrate
certain features found in a comparison of the two
studies.

A least-squares analysis of the measured dispersion
curves, using the method of Squires (1963, 1964) for
4th nearest neighbours, gave a satisfactory fit, the aver-
age deviation from the measured frequencies being less
than 1-5%;, except near the zone boundary for the
[EEE]IT branch where the deviation was as large as 8.

Using the force constants obtained in this analysis,
the standard root sampling technique (Flinn, McManus
& Rayne, 1961) was employed to calculate the fre-
quencies at a large number of points in the irreducible
1/48th of the first Brillouin zone. With suitable weight-
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Fig.4. ©@n of aluminum as a function of temperature. The

solid curve is the least-mean- sjuares fit to the measured

On. The dashed curve is the variation predicted by volume

change and the dot-dashed curve is due to Marshall &
Stuart (see text).
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Fig.3. Measured and calculated values of B(T) for aluminum. Curve 1, measured B corrected for TDS; Curve 2, as measured;
Curve 3, Paskin (1957); Curves 4 and 5, from 300 and 80°K frequency distributions (Gilat & Nlcklow 1966)
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ing according to the symmetry of each particular pho-
non wave vector, the phonon frequency distributions,
g(w), were assembled for both the 80°K and 300°K
cases. These frequency distributions were used to cal-
culate both B and the specific heat, C,, as functions
of temperature from the expressions:

8n2h 1
= —_— 77) — -1
B= 5 E o HlexpC) =117, @
and
Co=k X & exp(&iplexp(&in)— 1172, (5)
_ hww . .
where &;;= T i=1,2or3andj=1,2,... N.

In their analysis, Gilat & Nicklow (1966) (referred
to as GN) used an 8th neighbour axially symmetric
force constant model and an extrapolation technique
(Gilat & Raubenheimer, 1966) to obtain extremely de-
tailed and accurate frequency spectra. These were sim-
ilar to those obtained in the present calculation but
gave much finer details of the spectrum shape. It is of
interest to compare the results of their calculation, in
which each distribution function contained a sample
of 3-58 x 107 frequencies, with the present calculation
using the standard root sampling technique where com-
puting time limited the possible sample size to a maxi-
mum of about 5 x 105 frequencies.

At a temperature of 300°K, using their frequency
distribution calculated from 300°K dispersion curves,
GN calculated a value of 0-89 x 10-16 cm? for B, in
excellent agreement with the measured value corrected
for TDS. The present calculation, using a distribution
of 5-12 x 105 frequencies, gave a value 79, lower than
this figure. In calculating B the final result was governed
by the number of frequencies in the sample, because,
with a coarse sampling mesh, relatively few of the
phonon wave vectors near the origin of the Brillouin
zone are considered. The low frequencies correspond-
ing to these wave vectors are important in the calcula-
tion of B because the frequency appears as 1/wg; in
the summation shown in (4). In calculating the specific
heat and its associated Debye temperature, @p, a dif-
ferent weighting of the frequencies results from (5) and
a dependence of @, on the frequency sample size is not
observed.
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These effects are illustrated in Table 1, where values
of B, On and O, obtained with different frequency
sample sizes are shown together with the results of GN.
The steady trend of the B values indicates that a larger
sampling than the present maximum of 5-12 x 105 fre-
quencies would reduce the 7% difference between
the present calculation and that of GN. It would ap-
pear that in calculating B from the dispersion rela-
tions, adequate sampling may be as important as ob-
taining a very close fit to the experimental dispersion
curves.

In calculating the specific heat, it is obvious that
only a modest sampling is required for the convergence
of @.. However, although convergence was readily
achieved, the resulting ©, was extremely sensitive to
the force constant model chosen in the region below
80°K where better than qualitative agreement with
measured values of the specific heat (Giauque & Meads,
1941) was not obtained with the present model.

In Fig.3, values of B(T) obtained by GN from 300
and 80°K frequency distributions are shown (curve 4
and curve 5 respectively), together with the experi-
mental values of B(T) corrected for TDS (curve 1).
B(300) is predicted correctly by the 300°K g(w) while
the 80°K g(w) gives a value which is in error by 9%
at this temperature. At 80°K, however, the situation
is reversed and B(80) is given by the 80°K frequency
distribution (Gilat & Nicklow, 1966). Above room
temperature the calculations do not predict the non-
linear nature of the temperature dependence of B and
the agreement with the measured value becomes pro-
gressively worse at higher temperatures. It would be
expected that a set of dispersion curves taken at an
elevated temperature would lead to better agreement
with the present high temperature results than that ob-
tained from 80 and 300°K frequency distributions.

4. Discussion

Chipman (1960) has made accurate X-ray measure-
ments of @, and the variation of @, with temperature.
At 300°K he chose a @ of 390+ 10°K as the most
likely value. This is in excellent agreement with our
result of 386 + 10°K at the same temperature when the
TDS correction is included. Chipman’s value is repre-

Table 1. Variation of B, On, Cy and O with varying frequency distribution sample size

T=80°K(@

Number of B®©@ On Cy@
frequencies (°K)

321 % 103 0-3109 420-6 0-944
8-00 % 103 0-3097 421-8 0-933
6-40 x 104 0-3139 4-7-8 0-933
5-12x 105 0-3160 415-8 0-933
3-58 x 107 0-325 407 —

T=300°K®
O B On Cy O
°K) (°K) (°K)
3924 0-8083 407-5 229 394-8
395-1 0-8040 408-7 2:29 3973
3951 0-8219 404-0 2:29 397-3
3951 0-8308 401-7 2:29 397-3
392 0-890 390 — 396

@ From 80°K frequency distribution
® From 300°K frequency distribution
© In units of 10-16 cm2

@ In units of ergs (°K.g.atom)"1

) Gilat & Nicklow (1966)
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sentative of other X-ray determinations of @, (James
et al., 1929; Owen & Williams, 1947; Flinn & McMan-
us, 1963; Nicklow & Young, 1966), since they are
all within 5% of his result. As would be expected, there
is no significant difference between the X-ray value and
the neutron diffraction value reported here.

The measured temperature variation of @, is again
in excellent agreement with Chipman’s value. For the
neutron results (d/dT) In @y = —3-10 x 104, compared
with —3-1x 104 for the X-ray measurements. This
temperature variation (as measured now by both neu-
trons and X-rays) is far in excess of that predicted by
a consideration of volume expansion alone in the man-
ner of Paskin (1957) as both Chipman (1960) and
Marshall & Stuart (1961) reported. Marshall & Stuart
proposed a relation in terms of the variation with tem-
perature of the elastic constants to account for the
temperature variation of ©@,,. This was:

d_dr (In On)=% 7“} (In Ca)+p/6, ()

where [ is the volume coefficient of expansion.

This relation predicted a value for (d/dT) In @, of
—2:4x10-4. The volume correction alone yields a
value for aluminum of —1-6 x 10-4 so that compared
with the measured value of 3-1 x 104 for (d/dT) In @,
the Marshall & Stuart correction was a distinct im-
provement on that given by the volume correction.
The On versus T curves predicted in both of these
cases are shown in Fig.4. Since in the case of lead the
relation (6) gave good agreement (Marshall & Stuart,
1961) with the value of (d/dT)In @, measured by
Chipman (1960) it was surprising that better agreement
was not obtained with the aluminum results.

The Marshall & Stuart relation can be forced into
agreement with the measured slope by a suitable choice
of (d/dT)In Cy. Marshall & Stuart used the room
temperature elastic constant variation cited by Hunting-
ton (1958). Sutton (1953) has measured the elastic
constants of aluminum up to about 800°K and the
variation of In Cy4 with temperature is non-linear.

The room temperature slope measured by Sutton is
in agreement with that cited by Huntington in giving
a value for (d/dT) In @y of —2:4x 104 from (6). At
about 630°K however, Sutton’s measured slope gives
a value for (d/dT) In @ of 3-18 x 104, which is only
a few per cent away from the slope found in this in-
vestigation. Purely empirically it may be observed that
this temperature is about midway between the low
temperature @, of aluminum of about 400°K and its
melting temperature, Tr, of 930°K. In the previously
mentioned case of Pb, the midpoint between its @p,
of 90°K and T, of 600°K is only slightly above room
temperature, and the 300°K slope of the Pb elastic con-
stants when used in (6) by Marshall & Stuart gave a
value for (d/dT) In O, within a few per cent of the
value measured by Chipman. Thus it would appear
that the Marshall & Stuart relationship for the tem-
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perature variation of @, could be a useful approxima-
tion provided that a suitable average slope for the
temperature variation of Cy can be chosen.

The failure of the volume correction alone (curve 3
in Fig.3) to account for the observed temperature
variation of B indicates that in aluminum, at elevated
temperatures, intrinsic anharmonic effects are appreci-
able. In their paper on the anharmonic contribution
to the Debye-Waller factor, Maradudin & Flinn (1963)
derived a relationship for B of the form:

B()=KT+K,T*+ KT3. f(Q) . )

Applying their results to the model of a lead crystal
with Ist neighbour interactions, they concluded that
the 73 contribution to B(T) should be negligible.

An analysis of the measured B(T) relationship for
aluminum in terms of (7) is not strictly valid since the
measurements were derived from the relationship

Iy sin 26 = K exp(— 2B sin26/3?) ,

using the assumption that B is independent of 6. If
this point is disregarded and the measured curve is
fitted with a polynomial in powers of T, then a better
fit to the measured curve is obtained by the inclusion
of a T3 term rather than only T and T2 terms (average
deviation from the measured curve of 0-2%; compared
to 1%). Using this best fit 3rd degree polynomial, the
T3 contribution would amount to 28%; of B(Ty) for
aluminum.

For Pb, B(T) can be derived from the measurements
of Chipman (1960) or from those of Alexopoulos,
Boskovits, Mourikis & Roilos (1965). This curve, too,
is best fitted by the inclusion of a T3 term. The contri-
bution from this term at the melting temperature of
lead would amount to 23% of B. These figures indi-
cate, at least, that a K373 contribution to B(T) for Al
and Pb may not be negligible.

An analysis of the K parameters in terms of deriva-
tives of the interaction potentials is beyond the scope
of this paper. The difficulties involved in an analysis
of this sort are illustrated by the attempt of Maradudin
& Flinn, cited above, to use their result to predict the
behaviour of lead. Using the approximations and
physical property measurements necessary to evaluate
their 2M relationship they would arrive at the result
(¢f. their equations 6-11 and 4-9) that the total an-
harmonic effects are less than that due to expansion
alone. Similar problems are evident in the application
of the results of Kashiwase (1965) to crystals other than
certain of the alkali halides.

5. Conclusion

The results of this investigation have confirmed the
X-ray measurements of the temperature variation of
the Debye-Waller factor of aluminum, and a possible
explanation is put forward for the failure of the Mar-
shall & Stuart correction to the harmonic relation in
the case of aluminum.
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Reliable values of the B factor for simple crystals
can be calculated from an accurate set of dispersion
relations at a particular temperature, provided due
care is exercised in fitting these dispersion curves, and
an adequate frequency sampling is taken.

Present knowledge of interatomic forces does not
allow a direct calculation of the anharmonic contribu-
tions to the Debye-Waller factor; it may be possible
to derive information concerning these forces from the
measured high temperature behaviour of B in certain
cases.

The author would like to express his gratitude to
Dr A.W.Pryor and Mr T.M.Sabine for encourage-
ment and advice during the course of this investigation.
The goniometer furnace was fabricated by Mr G.Z.A.
Stolarski.
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An Iterative Method of Slit-Correcting Small Angle X-ray Data

By JAMES A.LAKE*
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An iterative method has been developed for correcting experimental small-angle X-ray data simultane-
ously for the effects of height and width smearing. The advantages of the method are that it does not
require the differentiation of an experimental curve, that the height and width weighting functions are
completely arbitrary, that the corrected curve remains well defined at small values of the scattering angle,
and that the method is designed for use with digital computers. The method may also be applied to

the solution of other similar integral equations.

Introduction

In order to obtain sufficient scattered intensity in a
small-angle X-ray experiment one normally uses a slit
collimation system. The observed intensity in this case

* NSF Cooperative Predoctoral Fellow.

is not that obtained with a pinhole collimator, but is
the pinhole intensity averaged (smeared) over an angu-
lar range which is defined by the slit geometry.
Guinier & Fournet (1947) and DuMond (1947)
solved the smearing equation for the case of infinitely
high and negligibly narrow slits. Their method was
modified by Kratky, Porod & Kahovec (1951) for use



